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CHALLENGE PROBLEMS

| CHAPTER 5

[A] Click here for answers. [s] Click here for solutions.

. Show that

n

d.x n

(e sin bx) = r"e“* sin(bx + n6)

where a and b are positive numbers, 7> = a*> + b? and 6 = tan"'(b/a).

. Show that sin”'(tanh x) = tan"'(sinh x).
CIf

X 2 . sin x
= - arctan
Y Jar—1 Ja>—1 a++a?>—1+ cosx
, 1
show that y’ = ———.
a + cos x
For which positive numbers a is it true that a* = 1 + x for all x?

. For what value of k does the equation e** = k\/; have exactly one solution?

A peach pie is taken out of the oven at 5:00 p.M. At that time it is piping hot: 100°C.
At 5:10 p.M. its temperature is 80°C; at 5:20 p.m. it is 65°C. What is the temperature of the room?
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3

[E] Exercises

3y

mn

1. Consider the statement that jm—n (e*” sinbz) = r"e®” sin(bx + nh). Forn = 1,

4 (e*” sinbx) = ae®” sinbx + be®” cos bx, and

dx

b
re® sin(bx 4 0) = re**[sin bx cos 6 + cos bx sin 0] = re*”* (2 sinbz + - cos bm)
r T
= ae” sin bz + be"” cos bz
since tan § = b = sinf = b and cos 0 = 2.
a T T

So the statement is true for n = 1. Assume it is true for n = k. Then

dk:+1

T (e"* sinbx) = di [rkeaz sin(bx + kQ)} = r"ae sin(bz 4 k6) + r*e*b cos(bx + kb)
x x

= r*e*[asin(bx + k) + bcos(bx + kb)]
But
sin[bz + (k + 1)6] = sin[(bx + k6) + 6] = sin(bx + k6) cos 6 + sin 6 cos(bx + kb)
a . b
= sin(bx + k0) + - cos(bx + k)
Hence, a sin(bz + k6) + bcos(bx + k) = rsin[bx + (k + 1)6]. So

k+1
# (e sin bx) = r*e*[asin(bx + k) + beos(bx + k0)] = e [rsin(bz + (k + 1)0)]

=" e [sin(bx + (k + 1)0)]
Therefore, the statement is true for all n by mathematical induction.

sinx

T 2
= — arctan .Letk = a+ +a? — 1. Then
va2z—1 a2 -1 a++va?2—1-+cosx

, 1 2 1 cos x(k + cos ) + sin®

v= Vaz—1 az—1 1+sin®z/(k+ cosz)? . (k + cosx)?

B 1 _ 2 .kcos;v—i—cosQa:—l—sian _ 1 B 2 _ kcosx + 1
T Va2—1 Vaz—-1 (k+cosz)2+sin’z  VaZ—1 +aZ—-1 k2+2kcosz+1
_ k®*+2kcosz +1—2kcosz —2 K2 -1

VaZ =1 (k2 +2kcosz+1)  va® —1(k? 4+ 2kcosz + 1)

Butk* = 2a° +2ava® —1—-1=2a(a+Va>—1) — 1 =2ak — 1,50 k* + 1 = 2ak, and

2(ak —1) _ ak —1
va? —1(2ak + 2kcosz)  +a? — 1k (a+ cosz)

ak—1=a*+ava2—1—-1=k+a®> 1,50y =1/(a+ cosx).

k*—1=2(ak—1).Soy = . But
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5. Let f(z) = €*” and g(z) = k +/z (k > 0). From the graphs of f ¥ Y=o y=4Jx
and g, we see that f will intersect g exactly once when f and g share y=3x
a tangent line. Thus, we must have f = gand f' = ¢’ atz = a. y=2x
fl@)=g(a) = €*=kya @) andf'(a)=g'(a) =
262(1:256 = 62‘1:4—5/6.Sowemusthavek\/ﬁz4—5/a 0 >
= (Va) = ﬁ = a=31From(),eMY =k \/1/4 = k=2e"?=2/e~3.297.





