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’ ‘ CHAPTER 8
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FIGURE FOR PROBLEM 4

b

[A] Click here for answers.

[s] Click here for solutions.

. If f(x) = sin(x?), find £9(0).

. A function f is defined by
) x2n _ 1
f) = lim —5——
Where is f continuous?
. (a) Show that tan%x = cot%x — 2cot x.
(b) Find the sum of the series
S 1 X
— tan
,Zl 2" 2"

Let {P,} be a sequence of points determined as in the figure. Thus |AP,| = 1,
and angle AP, P, is a right angle. Find lim,—.. ZP,AP,,.

PPy | =2""",

. To construct the snowflake curve, start with an equilateral triangle with sides of length 1.

Step 1 in the construction is to divide each side into three equal parts, construct an equilateral
triangle on the middle part, and then delete the middle part (see the figure). Step 2 is to repeat Step
1 for each side of the resulting polygon. This process is repeated at each succeeding step. The
snowflake curve is the curve that results from repeating this process indefinitely.

(a) Let s,, l,, and p, represent the number of sides, the length of a side, and the total length of the
nth approximating curve (the curve obtained after Step n of the construction), respectively.
Find formulas for s,, /,, and p,.

(b) Show that p, — ® as n — .

(c) Sum an infinite series to find the area enclosed by the snowflake curve.

Parts (b) and (c) show that the snowflake curve is infinitely long but encloses only a finite area.

R

Find the sum of the series
1 1 1 1 1 1
1+ —+—+—+—+—-+—+
2 3 4 6 8 9

A
12

+ ...

where the terms are the reciprocals of the positive integers whose only prime factors are 2s and 3s.

. (a) Show that for xy # —1,
arctan x — arctan y = arctan —
1+ xy
if the left side lies between — /2 and /2.
(b) Show that
120 1
arctan {jg — arctan 3 = T

(c) Deduce the following formula of John Machin (1680-1751):

1 1 T
4 arctan 5 — arctan 333 = 7
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FIGURE FOR PROBLEM 12
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FIGURE FOR PROBLEM 15
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. Find the sum of the series 2, ln<1 — )
n

(d) Use the Maclaurin series for arctan to show that

0.197395560 < arctan : < 0.197395562

(e) Show that

0.004184075 < arctan 55 < 0.004184077

(f) Deduce that, correct to seven decimal places,
T =~ 3.1415927

Machin used this method in 1706 to find 7 correct to 100 decimal places. Recently, with the aid of
computers, the value of 77 has been computed to increasingly greater accuracy. In 1999, Takahashi
and Kanada, using methods of Borwein and Brent/Salamin, calculated the value of 7 to
206,158,430,000 decimal places!

(a) Prove a formula similar to the one in Problem 7(a) but involving arccot instead of arctan.

(b) Find the sum of the series

> arccot(n® + n + 1)
n=0

Find the interval of convergence of ¥;—; n’x" and find its sum.

. Ifay+a, +ar,+ -+ + a, = 0, show that

lim(aox/;l-i-an/n-i-l-l—ag n+2+-~+ak\/n+k)=0

Hint: Try the special cases k = 1 and k = 2 first. If you can see how to prove the assertion for
these cases, then you will probably see how to prove it in general.

2
n=2

. Suppose you have a large supply of books, all the same size, and you stack them at the edge of a

table, with each book extending farther beyond the edge of the table than the one beneath it. Show
that it is possible to do this so that the top book extends entirely beyond the table. In fact, show that
the top book can extend any distance at all beyond the edge of the table if the stack is high enough.
Use the following method of stacking: The top book extends half its length beyond the second
book. The second book extends a quarter of its length beyond the third. The third extends one-sixth
of its length beyond the fourth, and so on. (Try it yourself with a deck of cards.) Consider centers
of mass.

x? x6 x’

. Let u=1+"—-+"—+

—
3! 6! 9!
4 7 10

X X
v=x+ "+ —+—+
4! 7! 10!

Show that u® + v* + w® — 3uvw = 1.

. If p > 1, evaluate the expression

111

l+—+—+—+---
23 4
111

l— =+ —— 4
23 4

. Suppose that circles of equal diameter are packed tightly in n rows inside an equilateral tri-

angle. (The figure illustrates the case n = 4.) If A is the area of the triangle and A, is the total area
occupied by the n rows of circles, show that

A, T

li _ %
"2A T 23
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FIGURE FOR PROBLEM 20
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. A sequence {a,} is defined recursively by the equations

ap = a, = 1 n(n - l)an = (n - 1)(” - 2)an*l - (n - 3)a’l*2

Find the sum of the series >, - a,.

. Taking the value of x* at O to be 1 and integrating a series term-by-term, show that

. Starting with the vertices P1(0, 1), P»(1, 1), P5(1, 0), P4(0, 0) of a square, we construct further

points as shown in the figure: Ps is the midpoint of P;P,, P is the midpoint of P,Ps, P is the mid-

point of P;Ps, and so on. The polygonal spiral path P,P,P3P,PsPcP; . .. approaches a point P

inside the square.

(a) If the coordinates of P, are (x,, y,), show that 3 x, + X,+1 + Xus2 + X,43 = 2 and find a similar
equation for the y-coordinates.

(b) Find the coordinates of P.

. If f(x) = Zj—o c,,x™ has positive radius of convergence and e/ = 37_, d,x", show that

nd, = E icid,—; n=1
i=1
Right-angled triangles are constructed as in the figure. Each triangle has height 1 and its base is the
hypotenuse of the preceding triangle. Show that this sequence of triangles makes indefinitely many
turns around P by showing that > 6, is a divergent series.

Consider the series whose terms are the reciprocals of the positive integers that can be written in
base 10 notation without using the digit 0. Show that this series is convergent and the sum is less
than 90.

(a) Show that the Maclaurin series of the function

X

is > fux"

2
l—x—x n=1

fx) =

where f;, is the nth Fibonacci number, thatis, fi =1, = l,and f, = f,-1 + f,»
for n = 3. [Hint: Write x/(1 — x — x?) = ¢y + cix + cox> + - - - and multiply both sides of
this equation by 1 — x — x%]

(b) By writing f(x) as a sum of partial fractions and thereby obtaining the Maclaurin series in a
different way, find an explicit formula for the nth Fibonacci number.
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| ANSWERS

1. 15!/5! = 10,897,286,400

3. (b) 0if x =0, (I/x) — cotx if x # kr, k an integer

5. (a) s, =3-4"1,=1/3"p,=4"/3""  (c) 24/3/5
9. (=1, 1), (x* + 4x* + x)/(1 — x)* 1. In}
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’ ‘ SOLUTIONS

1. It would be far too much work to compute 15 derivatives of f. The key idea is to remember that f() (0) occurs in

the coefficient of ™ in the Maclaurin series of f. We start with the Maclaurin series for sin:

L 2 a® Then sin(z®) — 23 ¥z’ dso th fici £ 015 ;
smx—x—g—i—a—---. ensin(z”) =z —§+F—~--,an so the coefficient of z° is
(15) !

fl—g)fo):%. Therefore,f(ls)(o):%:6~7~8~9~10~11~12'13-l4-15:10,897,286,400.

. . : 2t 1 — tan®
3. (a) From Formula 14a in Appendix A, with z = y = 0, we get tan 20 = LZ, so cot 20 = ﬂ
1 —tan®6 2tan 6
1—tan?6 . 1 1 1
2cot 20 = “tend cot § —tan 6. Replacing 6 by 5z, we get 2cot x = cot 5 — tan 5z, or
tan %a: = cot %:c —2cotz
(b) From part (a) with o1 in place of x, tan on = cot on 2 cot o1 so the nth partial sum of
ngl % tan % is
o tan(z/2) n tan(z/4) + tan(z/8) 4t tan(z/2")
2 4 8 2n
_ cot(x/2) cotz| + cot(x/4)  cot(x/2) n cot(x/8)  cot(x/4)
2 4 2 8 4
t(x/2" t(x/2" ! 2" .
+ cot(z/2") _ L (2/ ) = —cotx + M/) (telescoping sum)
on 2n—1 on
Now cot(z/2") = COS,(I/Q ) :COS(I/2 ), ,$/2 Hl~1:lasnﬂoosincem/2"ﬂo
2n 27 sin(x/2™) x sin(z/2") x x

for z # 0. Therefore, if z # 0 and x # k7 where k is any integer, then
Z 2itani = lim s, = lim (—cotx—|— icot i) = —cotx + l
=1 2" T

2m n— oo n— o0 AL 2m

If x = 0, then all terms in the series are 0, so the sum is 0.

5. (a) At each stage, each side is replaced by four shorter sides, each of

S0 = 3 eo =1
1 . . i
length 3 of the side length at the preceding stage. Writing so and £o s1=3.4 | 6=1/3
for the number of sides and the length of the side of the initial s59=3-42 | b5 =1 /32
triangle, we generate the table at right. In general, we have s3=3-4%| 13 =1/3°
sn=3-4"and £, = (3)", so the length of the perimeter at the nth

stage of construction is p,, = sl = 3 -4" - (%)” =3. (%)"

4n 4 n—1 ]
(b) pn = 3T :4(5) . Since 3 > 1, pn — 00 asn — oo.
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(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the
preceding stage. Let a be the area of the original triangle. Then the area a,, of each of the small triangles added

. 1 . . . .
at stagenisan, = a - o = 9%. Since a small triangle is added to each side at every

stage, it follows that the total area A,, added to the figure at the nth stage is

4n! ‘
Ap =Sp_1-an =3-4""1. S;i" =0 oy Then the total area enclosed by the snowflake curve is
1 4 ? 4° .
A=a+A1 +A>+A3+---=a+a-=+a-—+a-— +a-— +---. After the first term, this is a
3 33 35 37
geometric series with common ratio %, soA=a+ o/ 34 =a+ % . % = %. But the area of the original
9

equilateral triangle with side 1 is a = % +1-sin % = %. So the area enclosed by the snowflake curve is

8.¥3 _ 2v3
5 4 — 5 "

1. (a) Let @ = arctanz and b = arctany. Then, from Formula 14b in Appendix A,

tan(a — b) = tana —tanb _ tan(arctanx) —tan(arctany) T —y
~ 1l+tanatanb 1+ tan(arctanz)tan(arctany) 1+ ay’

T — .

Now arctanz — arctany = a — b = arctan(tan(a — b)) = arctan Y since -5 <a—-b< 3.
(b) From part (a) we have

120 1 28,561
arctan 128 — arctan &5 = arctan —1%—23% — arctan o4 = arctanl = Z
L+ 175 - 339 28,441
. . T4y
(c) Replacing y by —y in the formula of part (a), we get arctan x + arctan y = arctan T .
— 2y
1,1
4 arctan % = 2(arctan % + arctan %) = 2arctan 157—151 = 2arctan 1—52 = arctan % + arctan %
53
L T2 TU
=arctan .57 = arctan {35
12 712
Thus, from part (b), we have 4 arctan é — arctan 2—;‘9 = arctan % — arctan 2—;)9 =7
. . 2 2 27 2 2t
(d) From Example 7 in Section 8.6 we have arctanr =0 — — + — — — + — — — + -+, 50
3 5 7 9 11
arctanlfl 1 n 1 1 n 1 1 n
5 5 3-5% 5.55 7.57  9.59 11.5l

This is an alternating series and the size of the terms decreases to 0, so by the Alternating Series Estimation

Theorem, the sum lies between s5 and sg, that is, 0.197395560 < arctan % < 0.197395562.

. 1 1 1 1 . .
(e) From the series in part (d) we get arctan 239 — 239~ 3.239 + T The third term is less than

2.6 x 1073, so by the Alternating Series Estimation Theorem, we have, to nine decimal places,

arctan ﬁlg = s2 ~ (0.004184076. Thus, 0.004184075 < arctan 2—;’9 < 0.004184077.
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13.

o0
. We start with the geometric series > " =
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(f) From part (c) we have 7 = 16 arctan % — 4 arctan ﬁ, so from parts (d) and (e) we have

16(0.197395560) — 4(0.004184077) < m < 16(0.197395562) — 4(0.004184075) =
3.141592652 < 7w < 3.141592692. So, to 7 decimal places, m ~ 3.1415927.

1 . .
——, |z] < 1, and differentiate:
n=0 ]. — T

8

3
Il
-

d [ d 1 1
n—l — n) = — = f 1
nx . (ngom ) e (1_$) 1—2) or o] <1 =

Snz" =z Y na" ! = LQ for |z| < 1. Differentiate again:

n=1 n=1 (1—-2)

> d 1—z)?—z-2(1—x) (-1 1 > 2
R4 @ (- w 20D | adl R e P4e

n=1 dz (1 —x) (1-2) (1-2) n=1 (1-2x)

S oppgrto 4ot (-2 et )~ (@ 42)3(01 -2 (1) _ o’ +da1

n=1 dr (1 —x)® (1—2)° (1—z)*

e 5 4 42 , , : .

S oniat = %, |z| < 1. The radius of convergence is 1 because that is the radius of convergence for
n=1 — X

the geometric series we started with. If z = 41, the series is 5" n® (1)", which diverges by the Test For

Divergence, so the interval of convergence is (—1, 1).

ln<1— %) :1n<"2n;1> =In (”+13L(2”_1) =1In[(n+ 1)(n —1)] — Inn?

=In(n+1)+In(n—1)—2Ilnn
=In(n—1)—lnn—Inn+In(n+1)

n—1 0 n
n+1°

—1 —[Inn—In(n+1)] =In

k
Letsy = > In (1—%) :Z(lnn;1 —1nnL+1) for k > 2. Then

= lnl—lng + lnz—ln§ + + lnu—lnL —lnl—lnL SO
= \M2 Ty 37 "% i k+1) " "2 TkyD

> 1 . . 1 k 1
Zln(l—ﬁ) —klin;osk—klirgo <ln§—lnk+l) —lni—1n1—1n1—1n2—ln1——1n2.

3:3 336 339 .1,4 .T7 .TIO J)Z J)5 J)S

u=1+§+a+a+"',’v=$+4!+F+1—O!+"',’UJ=E+5+§+'“.

Use the Ratio Test to show that the series for u, v, and w have positive radii of convergence (co in each case), so

Theorem 8.6.2 applies, and hence, we may differentiate each of these series:

R S
de 3 6! 9! 20 51 8l -
v 3 6 9 d 2 7 10
Slmllarly,—le—i—g—l—a—l—a—l—- zu,andE:x—l—I—&—?—l—l—O'—i— =v
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15.

17.

Sou’ = w, v’ = u, and w’ = v. Now differentiate the left hand side of the desired equation:

4 (u3 +0® +w® — 3uvw) = 3ulu’ + 3070 + 3w’ — 3(uvw + w'w + uvw')
x
= 3u?w + 3v%u + 3w — 3(vw2 +wiw + uUZ) =0 =

u® 4+ v + w? — 3uvw = C. To find the value of the constant C, we put « = 0 in the last equation and get

PB+024+0°-3(1-0-00=C = C=1,5s0u®+v>+w®—3uvw=1.

If L is the length of a side of the equilateral triangle, then the areais A = sL- ‘/_L \/_LZ andso L? = 4 A.

4
Ve

Let  be the radius of one of the circles. When there are n rows of circles, the figure shows that

L
L:\/§r+r+ n—2)(2r +r+\/§r:r 2n—2+2\/§,sor:7.
(n = 2)(2r) ( ) 2(n++v3-1)
. . n(n+1) . .
The number of circlesis 1 +2+ -+ +n = T,and so the total area of the circles is
2
An:n(n+1)7TT2:n(n+1)7r L _
2 2 4(n+v3-1)
_n(n—i—l)7r 4AN/3
2 4n+v3-1)°
_ nn+1) 7A
(n+\/§71)22\/§
A, . n(n+1) T d L
A (n+v3-1)°2V3 }ﬁr r 2rL 2 r ﬁr4
1+1/n
= T asn— oo

[+ (V3_1)/n]°2V3 23

As in Section 8.6 we have to integrate the function 2 by integrating series. Writing z® = (e!*®)® = ¢*'"® and

. . . T xr Inz\z _ _xlnx __ = (‘Tln‘r)n = L (lnw)
using the Maclaurin series for e”, we have 2% = (e %) = e = Z o = Z o
n=0 n=0
As with power series, we can integrate this series term-by-term:
*(In x)
a: Cdr = Z Z "(Inz)"
) ) 1 n—1 n+1
We integrate by parts with v = (Inx)", dv = ™ dz, so du = ninz)™ dzand v = = . T
n

1 1 i 1 1
/ 2" (Inz)" dz = lim 2"(Inz)" dz = lim [ +1(lnm)”} — lim/ z"(Inz)" ' dx

0 t—ot J 4 t—0+t | n . t—o0t ) n+ 1

n 1
=0— / z"(lnz)" ! dx
n+1/,

(where I’Hospital’s Rule was used to help evaluate the first limit).
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1 1
Further integration by parts gives / z"(Inz)* de = — | / 2" (Inz)*~! da and, combining
0 n 0

1 1
(—l)nn!/ (=1)"n!
these steps, we get | o™ (Ina)" do = ~——2 1= [ 47 gy =
ese steps, we ge /01’ (Inz)" dx RS R s y T

v =1 M, N =1 (=1)"n! > -1 2 (=1t
/01’ dnga/ox (Inx) dw:;m(é—i—)l)nﬂ :;(n(-i-lgnﬂ :Z( ) .

nTL
=0 n=1

19. Let f(z) = 300 cma™ and g(z) = /) = 3% d,z™. Then g'(z) = 320 ndna" %, so nd,, occurs as the

coefficient of z™ 1. But also
g (@)=’ D[ (2) = (T dna") (Cezy mema™ )
= (do + d1x + dox® + -+ + dn12™ "+ ) (1 + 2027 + Bezz® + -+ e )

so the coefficient of ™ ! is e1dn_1 + 2cadn—2 + 3cadn_s + - - - + nendo = Z;’zl icidy—i. Therefore,
ndn = Z?:l Z'Cidnfi.

21. Call the series S. We group the terms according to the number of digits in their denominators:

S= (rdethed) ¢ (o) (o) b

=

g1 g2 g3
Now in the group g, since we have 9 choices for each of the n digits in the denominator, there are 9" terms.
Furthermore, each term in g, is less than 15— [except for the first term in g1]. So gn < 9" - =t = 9(1—90)7171.

Now > 9(%)"71 is a geometric series with @ = 9 and r = % < 1. Therefore, by the Comparison Test,

oo oo n—1
S=3 00100 <20 9(%) = 1—3/10 = 90.





