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CHAPTER 13

[s] Click here for solutions.

Let S be a smooth parametric surface and let P be a point such that each line that starts

at P intersects S at most once. The solid angle Q(S) subtended by S at P is the set of lines starting
at P and passing through S. Let S(a) be the intersection of (S with the surface of the sphere with
center P and radius a. Then the measure of the solid angle

(in steradians) is defined to be

area of S(a)
aZ

Q)| =

Apply the Divergence Theorem to the part of Q(S) between S(a) and S to show that

)| =[] =5 as

where r is the radius vector from P to any point on S, r = | r |, and the unit normal vector n is

directed away from P.

This shows that the definition of the measure of a solid angle is independent of the radius a of
the sphere. Thus, the measure of the solid angle is equal to the area subtended on a unit sphere.
(Note the analogy with the definition of radian measure.) The total solid angle subtended by a
sphere at its center is thus 4 steradians.

. Prove the following identity:

VF-G)=(F-V) G+ (G-V)F+F XculG + G X curl F

. If ais aconstant vector, r = xi + yj + zk, and § is an oriented, smooth surface with a simple,

closed, smooth, positively oriented boundary curve C, show that

ﬂZa-dS=L(aXr)-dr

N

Find the positively oriented simple closed curve C for which the value of the line integral

fc (y* = y)dx — 2x’dy

is a maximum.
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5. Let C be a simple closed piecewise-smooth space curve that lies in a plane with unit normal vector

n = (a, b, ¢) and has positive orientation with respect to n. Show that the plane area enclosed by
Cis

;L (bz — cy)dx + (cx — az) dy + (ay — bx) dz

. The figure depicts the sequence of events in each cylinder of a four-cylinder internal combustion

engine. Each piston moves up and down and is connected by a pivoted arm to a rotating crankshaft.
Let P(7) and V(7) be the pressure and volume within a cylinder at time 7, where a < t < b gives the
time required for a complete cycle. The graph shows how P and V vary through one cycle of a
four-stroke engine.
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During the intake stroke (from @ to @) a mixture of air and gasoline at atmospheric pressure is
drawn into a cylinder through the intake valve as the piston moves downward. Then the piston
rapidly compresses the mix with the valves closed in the compression stroke (from @ to ®) during
which the pressure rises and the volume decreases. At ® the sparkplug ignites the fuel, raising the
temperature and pressure at almost constant volume to @. Then, with valves closed, the rapid
expansion forces the piston downward during the power stroke (from @ to ®). The exhaust valve
opens, temperature and pressure drop, and mechanical energy stored in a rotating flywheel pushes
the piston upward, forcing the waste products out of the exhaust valve in the exhaust stroke. The
exhaust valve closes and the intake valve opens. We’re now back at @ and the cycle starts again.
(a) Show that the work done on the piston during one cycle of a four-stroke engine is W = J'C Pdv,

where C is the curve in the PV-plane shown in the figure.
[Hint: Let x(7) be the distance from the piston to the top of the cylinder and note that the
force on the piston is F = AP() i, where A is the area of the top of the piston. Then
W= ¢, F + dr, where C is given by r(f) = x(1) i, a < t < b. An alternative approach is to
work directly with Riemann sums.]
(b) Use Formula 13.4.5 to show that the work is the difference of the areas enclosed by the two
loops of C.
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‘ SOLUTIONS

[E] Exercises

1. Let S be the portion of ©(S) between S(a) and .S, and let .5, be its boundary. Also let Sy, be the lateral surface of

[that is, the surface of S7 except S and S(a)]. Applying the Divergence Theorem we have

//asl

V.= dV But
S1

v.X_[/0 9 9\, z y z
3 \Ox’ dy’ 0z (22 + 92 + 22)32" (22 + y2 + 22)%/2 (22 + 2 + 22)%/2

B (I2+y2+22—31‘2)+($2+y2+22—3y2)+($2+y2+22—322) —0
- (x2+y2+z2)5/2 -

= / / r_ 2 15 = / / / 0dV = 0. On the other hand, notice that for the surfaces of 951 other than S(a)
951 S1

and S,r - n=0 =

0_//851 2 s = //rnds+//s(a) 3 dS—f—//SL 2 s = //r“ds+//s(a)r

—// %ds. Notice thaton S(a),r =a = n= = Landr-r=r*=da%so
S(a) a

s T T T

that — D s = LA < g =L — wadl5e) _ jo(s)).
st) 3 S(a) at S(a) a4 S(a) a2
Therefore [Q2(S)| = // rr-3n s
5

3. LetF =axr = (a,a2,a3) X (x,y,2) = {a2z — azy, asx — a1z,a1y — azx). Then curl

F = (2a1,2a2,2a3) = 2a,and [[ 2a-dS = [[,curl F-dS = [ F-dr = [ (axr)-drby Stokes’ Theorem.
5. The given line integral § [, (bz — cy) dx + (cx — az) dy + (ay — bx) dz can be expressed as [, F - dr if we define

the vector field F by F(z,y,2) = Pi+ Qj+ Rk = 3(bz — cy)i+ 3(cx — az) j + 1(ay — bz) k. Then define S
to be the planar interior of C, so S is an oriented, smooth surface. Stokes’ Theorem says

F.dr = curl F - dS = curl F - ndS. Now
Je Ils Ils
_(9R_0Q\;, (9P OR\ (0Q 0P
CurlF_(@y 82>1+(82 8:1c>‘]+(8x ay)k
= (ba+ da) i+ (B0 30)5+ (he+ 3 k=ai+bj+ck=n

socurl F-n=n-n = |n|> = 1, hence JJscurl F-ndS = [[. dS which is simply the surface area of .S. Thus,

JoF-dr =3 [,(bz — cy)dw + (cx — az) dy + (ay — bx) dz is the plane area enclosed by C.





