
1. Use the Integral Test to determine whether the series 

is convergent or divergent.

2–33 ■ Determine whether the series is convergent or divergent.
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2 ■ SECTION 8.3 THE INTEGRAL AND COMPARISON TESTS

C l i c k  h e r e  f o r  s o l u t i o n s .SC l i c k  h e r e  f o r  e x e r c i s e s .E

ANSWERS8.3

1. Divergent

2. Convergent

3. Divergent

4. Divergent

5. Convergent

6. Convergent

7. Divergent

8. Divergent

9. Convergent

10. Convergent

11. Convergent

12. Convergent

13. Convergent

14. Convergent

15. Convergent

16. Converges

17. Converges

18. Converges

19. D ive rg e s

20. D ive rg e s

21. Converges

22. Converges

23. Converges

24. D ive rg e s

25. Converges

26. Converges

27. D ive rg e s

28. Converges

29. Converges

30. Converges

31. Converges

32. Converges

33. Converges
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SECTION 8.3 THE INTEGRAL AND COMPARISON TESTS ■ 3

C l i c k  h e r e  f o r  e x e r c i s e s .E

SOLUTIONS8.3

1.
1

3
+

1

7
+

1

11
+

1

15
+ · · · =

∞∑
n=1

1

4n− 1
.

The function f (x) =
1

4x− 1
is positive, continuous, and

decreasing on [1,∞), so the Integral Test applies.∫ ∞

1

dx

4x− 1
= lim

b→∞

∫ b

1

dx

4x− 1
= lim

b→∞

[
1

4
ln (4x− 1)

]b
1

= lim
b→∞

[
1

4
ln (4b− 1)− 1

4
ln 3

]
= ∞

so the improper integral diverges, and so does the series.

2.
∑∞

n=5

(
1/n1.0001

)
is a p-series, p = 1.0001 > 1, so it

converges.

3.
∑∞

n=1
n−0.99 =

∑∞
n=1

(
1/n0.99

)
which diverges since

p = 0.99 < 1.

4.

∞∑
n=1

2
3
√
n

= 2
∞∑

n=1

1

n1/3
, which is a p-series, p = 1

3
< 1, so it

diverges.

5.

∞∑
n=1

(
2

n
√
n
+

3

n3

)
= 2

∞∑
n=1

1

n3/2
+ 3

∞∑
n=1

1

n3
, both of

which are convergent p-series because 3

2
> 1 and 3 > 1, so

∞∑
n=1

(
2

n
√
n
+

3

n3

)
converges by Theorem 8 in

6.

∞∑
n=5

1

(n− 4)2
=

∞∑
n=1

1

n2
is a p-series, p = 2 > 1, so it

converges.

7. f (x) =
1

2x+ 3
is positive, continuous, and

decreasing on [1,∞), so applying the Integral Test,∫∞
1

dx

2x+ 3
= lim

t→∞

[
1

2
ln (2x+ 3)

]t
1

= ∞ ⇒
∞∑

n=1

1

2n+ 3
is divergent.

8. Since
1√
x+ 1

is continuous, positive, and decreasing on

[0,∞) we can apply the Integral Test.∫ ∞

1

1√
x+ 1

dx = lim
t→∞

[
2
√
x− 2 ln

(√
x+ 1

)]t
1

[using the substitution u =
√
x+ 1, so dx = 2 (u− 1) du]

= lim
t→∞

([
2
√
t− 2 ln

(√
t+ 1

)]− (2− 2 ln 2)
)

Now 2
√
t− 2 ln

(√
t+ 1

)
= 2 ln

(
e
√
t

√
t+ 1

)
and so

lim
t→∞

[
2
√
t− 2 ln

(√
t+ 1

)]
= ∞ (using l’Hospital’s Rule)

so both the integral and the original series diverge.

9. f (x) =
1

x2 − 1
is positive, continuous, and decreasing on

[2,∞), so applying the Integral Test,∫ ∞

2

dx

x2 − 1
=

∫ ∞

2

(−1/2

x+ 1
+

1/2

x− 1

)
dx

= lim
t→∞

[
ln

(
x− 1

x+ 1

)1/2
]t

2

= ln
√
3 ⇒

∞∑
n=2

1

n2 − 1
converges.

10. f (x) = xe−x2

is continuous and positive on [1,∞), and

since f ′ (x) = e−x2 (
1− 2x2

)
< 0 for x > 1, f is

decreasing as well. Thus, we can use the Integral Test:∫∞
1

xe−x2

dx = lim
t→∞

[
− 1

2
e−x2

]t
1

= 0− (− 1

2
e−1

)
=

1

2e
.

Since the integral converges, the series converges.

11. f (x) =
x

2x
is positive and continuous on [1,∞), and since

f ′ (x) =
1− x ln 2

2x
< 0 when x >

1

ln 2
≈ 1.44, f is

eventually decreasing, so we can apply the Integral Test.

Integrating by parts, we get∫ ∞

1

x

2x
dx = lim

t→∞

(
− 1

ln 2

[
x

2x
+

1

2x ln 2

]t
1

)

=
1

2 ln 2
+

1

2 (ln 2)2

since lim
t→∞

t

2t
= 0 by l’Hospital’s Rule, and so

∞∑
n=1

n

2n

converges.

12. f (x) =
1

4x2 + 1
is continuous, positive and

decreasing on [1,∞), so applying the Integral Test,∫ ∞

1

dx

4x2 + 1
= lim

t→∞

[
arctan 2x

2

]t
1

=
π

4
− arctan 2

2
< ∞,

so the series converges.

13. f (x) =
arctanx

1 + x2
is continuous and positive on [1,∞).

f ′ (x) =
1− 2x arctanx

(1 + x2)2
< 0 for x > 1, since

2x arctanx ≥ π
2
> 1 for x ≥ 1. So f is decreasing and we

can use the Integral Test.∫ ∞

1

arctanx

1 + x2
dx = lim

t→∞

[
1

2
(arctanx)2

]t
1

=
(π/2)2

2
− (π/4)2

2
=

3π2

32
so the series converges.

Section 8.2.
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4 ■ SECTION 8.3 THE INTEGRAL AND COMPARISON TESTS

14. f (x) =
lnx

x2
is continuous and positive for x ≥ 2, and

f ′ (x) =
1− 2 lnx

x3
< 0 for x ≥ 2, so f is decreasing.∫ ∞

2

lnx

x2
dx = lim

t→∞

[
− lnx

x
− 1

x

]t
2

(by parts)
H

= 1. Thus,

∞∑
n=1

lnn

n2
=

∞∑
n=2

lnn

n2
converges by the Integral Test.

15. f (x) =
1

x2 + 2x+ 2
is continuous and positive on [1,∞),

and f ′ (x) = − 2x+ 2

(x2 + 2x+ 2)2
< 0 for x ≥ 1, so f is

decreasing and we can use the Integral Test.∫ ∞

1

1

x2 + 2x+ 2
dx =

∫ ∞

1

1

(x+ 1)2 + 1
dx

= lim
t→∞

[arctan (x+ 1)]t
1

= π
2
− arctan 2

so the series converges as well.

16.
1

n3 + n2
<

1

n3
since n3 + n2 > n3 for all n, and since

∞∑
n=1

1

n3
is a convergent p-series (p = 3 > 1),

∞∑
n=1

1

n3 + n2

converges also by the Comparison Test.

17.
3

4n + 5
<

3

4n
and

∞∑
n=1

3

4n
converges (geometric with

|r| = 1

4
< 1) so by the Comparison Test,

∞∑
n=1

3

4n + 5

converges also.

18.
3

n2n
≤ 3

2n
.

∞∑
n=1

3

2n
is a geometric series with

|r| = 1

2
< 1, and hence converges, so

∞∑
n=1

3

n2n
converges

also, by the Comparison Test.

19.
1√

n− 1
>

1√
n

and
∞∑

n=2

1√
n

diverges (p-series with

p =
1

2
< 1) so

∞∑
n=2

1√
n− 1

diverges by the Comparison

Test.

20.
1 + 5n

4n
>

5n

4n
=

(
5

4

)n

.
∞∑

n=0

(
5

4

)n

is a divergent

geometric series (|r| = 5

4
> 1) so

∞∑
n=0

1 + 5n

4n
diverges by

the Comparison Test.

21.
sin2 n

n
√
n

≤ 1

n
√
n

=
1

n3/2
and

∞∑
n=1

1

n3/2
converges

(p =
3

2
> 1) so

∞∑
n=1

sin2 n

n
√
n

converges by the Comparison

Test.

22.
3

n (n+ 3)
<

3

n2
.

∞∑
n=1

3

n2
= 3

∞∑
n=1

1

n2
is a convergent

p-series (p = 2 > 1) so
∞∑

n=1

3

n (n+ 3)
converges by the

Comparison Test.

23.  
1√

n (n+ 1) (n+ 2)
<

1√
n · n · n =

1

n3/2
and since

∞∑
n=1

1

n3/2
converges (p =

3

2
> 1), so does

∞∑
n=1

1√
n (n+ 1) (n+ 2)

by the Comparison Test.

24. Use t he Limit Compar ison Test w ith

an =
1

3
√

n (n+ 1) (n+ 2)
and bn =

1

n
.

lim
n→∞

an
bn

= lim
n→∞

n
3
√

n (n+ 1) (n+ 2)

= lim
n→∞

1
3
√

1 (1 + 1/n) (1 + 2/n)

= 1 > 0

so since

∞∑
n=1

1

n
diverges, so does

∞∑
n=1

1
3
√

n (n+ 1) (n+ 2)
.

25.
n

(n+ 1) 2n
<

1

2n
and

∞∑
n=1

1

2n
is a convergent geometric

series (|r| = 1

2
< 1), so

∞∑
n=1

n

(n+ 1) 2n
converges by the

Comparison Test.

26.
3 + cosn

3n
≤ 4

3n
since cos n ≤ 1.

∞∑
n=1

4

3n
is a geometric

series with |r| = 1

3
< 1 so it converges, and so

∞∑
n=1

3 + cosn

3n
converges by the Comparison Test.

27.
5n

2n2 − 5
>

5n

2n2
=

5

2

(
1

n

)
and since

5

2

∞∑
n=1

1

n
diverges

(harmonic series) so does

∞∑
n=1

5n

2n2 − 5
by the Comparison

Test.

28.
n√

n5 + 4
<

n√
n5

=
1

n3/2
.

∞∑
n=1

1

n3/2
is a convergent

p-series (p = 3

2
> 1) so

∞∑
n=1

n√
n5 + 4

converges by the

Comparison Test.
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SECTION 8.3 THE INTEGRAL AND COMPARISON TESTS ■ 5

31. Let an =
n2 + 1

n4 + 1
and bn =

1

n2
. Then

lim
n→∞

an
bn

= lim
n→∞

n4 + n2

n4 + 1
= 1 > 0. Since

∞∑
n=1

1

n2
is a

convergent p-series (p = 2 > 1), so is

∞∑
n=1

n2 + 1

n4 + 1
by the

Limit Comparison Test.

32. Let an =
n+ 1

n2n
and bn =

1

2n
. Then

lim
n→∞

an
bn

= lim
n→∞

n+ 1

n
= 1 > 0. Since

∞∑
n=1

1

2n
is a

convergent geometric series (|r| = 1

2
< 1),

∞∑
n=1

n+ 1

n2n

converges by the Limit Comparison Test.

33. Use the Limit Comparison Test with an =
n2 − 3n

3
√
n10 − 4n2

and

bn =
1

n4/3
.

lim
n→∞

an
bn

= lim
n→∞

n10/3 − 3n7/3

3
√
n10 − 4n2

= lim
n→∞

1− 3/n
3
√
1− 4n−8

= 1 > 0

so since
∞∑

n=1

bn converges (p = 4

3
> 1), so does

∞∑
n=1

n2 − 3n
3
√
n10 − 4n2

.

29.
arctann

n4
<

π/2

n4
and

π

2

∞∑
n=1

1

n4
converges (p = 4 > 1) so

∞∑
n=1

arctann

n4
converges by the Comparison Test.

30. Use the Limit Comparison Test with an =
1

n2 − 4
and

bn =
1

n2
: lim
n→∞

an
bn

= lim
n→∞

n2

n2 − 4
= 1 > 0. Since

∞∑
n=3

bn

converges (p = 2 > 1),
∞∑

n=3

1

n2 − 4
also converges.
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